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Let E be a real uniformly smooth Banach space and T : E ª E a strong
pseudocontraction with a bounded range. We prove that the Mann and Ishikawa
iteration procedures are T-stable. Some related results deal with the stability of
these procedures for the iteration approximation of solutions of nonlinear equa-
tions involving accretive operators. Our results improve andror extend those
corresponding results announced by Osilike. Q 1999 Academic Press
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1. INTRODUCTION
Let E be a real uniformly smooth Banach space and T a self-mapping
 .of E. Assume that x g E and x s f T , x defines an iteration0 nq1 n
 4`procedure which produces a sequence x in E. Suppose, further-n ns0
 .  4  4more, that F T s x g E: Tx s x / B and that x converges stronglyn
 .  4` q w .to x* g F T . Let y be any sequence in R s 0, ` given by e sn ns0 n
5  .5y y f T , y . If lim e s 0 implies that lim y s x*, then thenq1 n nª` n nª` n
 .iteration procedure defined by x s f T , x is called T-stable or stablenq1 n
 w x.w.r.t. T see, e.g., 10 .
Some stability results for certain classes of nonlinear maps have been
 w x.established by several authors see, e.g., 10]12, 19]22 . As was shown by
w x w xHarder 10 and Harder and Hicks 12 , the study on the stability is both of
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w xRecently, Osilike 20 established several stability results for certain
Mann and Ishikawa iteration procedures for fixed points of Lipschitz
strong pseudocontractions and solutions of nonlinear accretive operator
equations in real q-uniformly smooth Banach spaces.
It is our purpose in this paper to study the stability of the Mann and
Ishikawa iteration procedures for strong pseudocontractions without Lips-
chitz assumption in real uniformly smooth Banach spaces. As a conse-
quence, we prove that certain Mann and Ishikawa iteration procedures for
approximating the solutions of the equations involving accretive operators
without Lipschitz assumption are stable w.r.t. certain mappings considered
herein in real uniformly smooth Banach spaces.
2. PRELIMINARIES
5 5Let E be a real Banach space with norm ? and dual E*. The
normalized duality mapping J: X ª 2 X * is defined by
 : 5 5 2 5 5 2Jx s x* g X*: x , x* s x s x* , 4
 :where ? , ? denotes the generalized duality pairing. It is well known that
 .if E* is strictly convex then J is single-valued and such that J tx s tJx for
all t G 0 and x g E. Furthermore, if E* is uniformly convex equivalently,
.E is uniformly smooth , then J is uniformly continuous on the bounded
subsets of E. In the sequel we shall denote the single-valued normalized
duality mapping by j.
 .  .An operator T with domain D T and range R T in E is called a
 .  .strong pseudocontraction if, for every x, y g D T , there exists a j x y y
 .g J x y y and t ) 1 such that
1 2 : 5 5Tx y Ty , j x y y F x y y . 1 .  .
t
A class of mappings closely related to strong pseudocontractions is the
class of strongly accretive operators.
 .  .T is called accretive if, for every x, y g D T , there exists some j x y y
 .g J x y y such that
 :Tx y Ty , j x y y G 0. 2 .  .
T is strongly accretive if there exists a positive constant k such that the
 . 5 5 2inequality 2 holds with 0 replaced by k x y y . Without loss of general-
 .ity, we may assume that k g 0, 1 . Moreover, T is called m-accretive if
 .  ..I q rT D T s E for all r ) 0. It is very obvious that if T is m-accre-
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tive, then the equation x q Tx s f has a unique solution. These operators
 w x. w xhave been studied by various authors cf. 1]3, 7, 8, 14]16 . Bogin 2
 .proved that T is strongly pseudocontractive if and only if I y T is
w xstrongly accretive, where I is the identity operator of E. Deimling 8
proved that if E is a Banach space and T : E ª E is a continuous and
w xstrongly pseudocontraction, then T has a fixed point in E. Deimling 7
proved that if E is a Banach space with a uniformly convex dual E* and
 .T : E ª E is demicontinuous and strongly accretive, then R T s E.
Hence, for any given f g E, the equation Tx s f has at least one solution
in E.
In order to prove the main results of the paper, we need the following
lemmas.
 4  4  4LEMMA 2.1. Let a , b , and c be three nonnegati¨ e real sequencesn n n
satisfying the inequality
2’a F 1 y w a q b t q c , n G 0, 3 .  .nq1 n n n n
w x  xwith t g 0, 1 , w g 0, 1 , b ª 0, and c ª 0 as n ª `. Then a ª 0 asn n n n
n ª `.
 4Proof. Let a s inf a : n G 0 . Then a s 0. If not, assume that a ) 0.n
Then a G a ) 0 for all n G 0. Since b ª 0 and c ª 0 as n ª `, theren n n
exists some fixed integer N such that
w w
2b t - a , c - a 4 .n n n n n2 8
 .  .for all n G N. It follows from 3 and 4 that
w w
a F 1 y a q a(nq1 n n /2 8
w w
F 1 y a q an n /4 8
w
s 1 y a 5 .n /8
for all n G N, which implies that a ª 0 as n ª `. This is in contradic-n
tion with the conclusion a G a ) 0. Hence, there exists some subse-n
 4  4quence a of a such that a ª 0 as j ª `. A simple induction leadsn n nj j
to a ª 0 as n ª `, completing the proof of Lemma 2.1.n
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 w x.LEMMA 2.2 see Reich 23 . Let E be a real uniformly smooth Banach
space. Then there exists a nondecreasing continuous function
b: 0, ` ª 0, `. .
satisfying:
 .  .  .i b ct F cb t for all c G 1;
 .  .ii lim b t s 0; andt ª 0q
 . 5 5 2 5 5 2   .: 5 5 4 5 5 5 5.iii x q y F x q 2 y, j x q max x , 1 y b y for all
x, y g E.
 .Inequality iii is called Reich's inequality.
3. MAIN RESULTS
In the sequel we always suppose that E is a real uniformly smooth
Banach space and t ) 1 is the constant appearing in the definition of
 .strong pseudocontraction, s s 1rt and k g 0, 1 is the constant appearing
in the definition of a strongly accretive operator. Now we prove the main
results of this paper.
THEOREM 3.1. Let T : E ª E be a continuous and strong pseudocontrac-
 4`  4`tion with a bounded range. Let a and b be two real sequences inn ns0 n ns0
 .0, 1 satisfying:
 .i 0 - a - a for all n G 0;n
 .ii b ª 0 as n ª `;n
 . `iii  a s `; andns0 n
 .  .iv b a ª 0 as n ª `, where b is the function appearing in Lem-n
ma 2.2.
 4`Let x be the sequence of the Ishikawa iteration generated from ann ns0
arbitrary x g E by0
x s 1 y a x q a Tz , .nq1 n n n nIS . 1  z s 1 y b x q b Tx , n G 0. .n n n n n
 4  4` qLet y be any sequence in E and define e ; R byn n ns0
t s 1 y b y q b Ty , n G 0, 6 .  .n n n n n
5 5e s y y 1 y a y y a Tt , n G 0. 7 .  .n nq1 n n n n
 .Then the Ishikawa iteration procedure defined by IS is T-stable.1
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Proof. We first observe that the existence of a fixed point of T follows
w xfrom Deimling 8 and the uniqueness of such a fixed point is due to the
strong pseudocontractibility of T. We also observe that, for x, y g E, there
 .  .exists j x y y g J x y y such that
 : 5 5 2Tx y Ty , j x y y F s x y y . 8 .  .
Let q denote the unique fixed point of T. Let e ª 0 as n ª `. It sufficesn
to prove that y ª q as n ª `. Without loss of generality, we may assumen
that e F a for all n G 0. Now setn n
5 5 5 5 4M s sup Tx y q q 1: x g E q y y q . 9 .0
For any n G 0, using induction, we obtain
5 5y y q F Mn
5 5 5 5for all n G 0. First of all, y y q F M. Suppose that y y q F M for0 n
 .some fixed integer n G 0. Using 7 and induction, we have
5 5 5 5 5 5y y q F 1 y a y y q q a Tt y q q e .nq1 n n n n n
5 5F 1 y a M q a Tt y q q 1 .  .n n n
F M . 10 .
5 5Hence, y y q F M for all n G 0.n
 .Let ¨ s 1 y a y q a Tt and u s y y ¨ . Then we haven n n n n n nq1 n
5 5 5 5y s ¨ q u , y y q F ¨ y q q e . 11 .nq1 n n nq1 n n
5  .  .5Let d s j y y q y j t y q . Then d ª 0 as n ª `. Indeed, since En n n n
is a uniformly smooth Banach space, J is uniformly continuous on the
bounded subsets of E. Observe that
5 5 5 5y y q F M , t y q F M ,n n
and
5 5 5 5t y q y y y q s t y y F 2 Mb ª 0 .  .n n n n n
as n ª `, so that d ª 0 as n ª `.n
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Using Lemma 2.2, we have
5 5 2¨ y qn
25 51 q y y q .n
2
y y q Tt y q .  .n ns 1 y a q a .n n5 5 5 51 q y y q 1 q y y qn n
5 5 2y y qn2F 1 y a .n 25 51 q y y q .n
Tt y q y y qn nq2a 1 y a , j .n n  ;5 5 5 51 q y y q 1 q y y qn n
5 5 2y y qnqmax 1 y a , 1 .n 2 55 51 q y y q .n
5 5 5 5Tt y q Tt y qn n
=a b an n /5 5 5 51 q y y q 1 q y y qn n
2 25 51 y a y y q .n nF 25 51 q y y q .n
2a 1 y a .n n  :q Tt y q , j y y q y j t y q .  .n n n25 51 q y y q .n
22a 1 y a s M q 1 a b a .  .  .n n n n25 5q t y q q . 12 .n2 25 5 5 51 q y y q 1 q y y q .  .n n
 .It then follows from 12 that
22 25 5 5 5¨ y q F 1 y a y y q q 2 Ma d .n n n n n
225 5q 2 sa 1 y a t y q q M q 1 a b a . 13 .  .  .  .n n n n n
 .  .Here we have used the fact that b ct F cb t for all c G 1.
 .Similar to the proof of 13 , it is easily proved that
22 25 5 5 5t y q F y y q q M q 1 b b b . 14 .  .  .n n n n
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 .  .Substituting 14 into 13 , we obtain
2 25 5 5 5¨ y q F 1 y 1 y s a y y q q o a , 15 .  .  .n n n n
which implies that
25 5 5 5’¨ y q F 1 y 1 y s a y y q q o a .  .n n n n
25 5’F 1 y 1 y s a y y q q o a . 16 .  .  .n n
 .  .Substituting 16 into 11 yields
25 5 5 5’y y q F 1 y 1 y s a y y q q o a q e . 17 .  .  .nq1 n n n
5 5  .  .  .Set a s y y q , w s 1 y s a , b s o a ra . Then w g 0, 1 andn n n n n
b ª 0. By Lemma 2.1 we see that a ª 0 as n ª `; that is, y ª q asn n n
n ª `. We are done.
 4COROLLARY 3.1. Let E, T , and q be as in Theorem 3.1 and let a be an
 .real sequence in 0, 1 satisfying:
 .i 0 - a - a , n G 0;n
 . `ii  a s `; andns0 n
 .  .iii b a ª 0 as n ª `, where b is the function appearing in Lem-n
ma 2.2.
 4Let x be the sequence of the Mann iteration generated from an arbitraryn
x g E by0
x s 1 y a x q a Tx , n G 0. .nq1 n n n n
 4  4 qLet y be any sequence in E and define e ; R byn n
5 5e s y y 1 y a y y a Ty , n G 0. .n nq1 n n n n
 4Then the iteration procedure x is T-stable.n
THEOREM 3.2. Let T : E ª E be a demicontinuous and strongly accreti¨ e
 .operator. Suppose I y T has a bounded range. Define S: E ª E by
 4  4  .Sx s f q x y Tx. Let a , b be two real sequences in 0, 1 satisfying:n n
 .i 0 - a - a for all n G 0;n
 .ii b ª 0 as n ª `;n
 . `iii  a s `; andns0 n
 .  .iv b a ª 0 as n ª `, where b is the function appearing in Lem-n
ma 2.2.
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 4For arbitrary x g X, the Ishikawa iteration procedure x is defined by0 n
x s 1 y a x q a Sz , .nq1 n n n nIS . 2  z s 1 y b x q b Sx , n G 0. .n n n n n
 4  4 qLet y be any sequence in E and define e ; R byn n
t s 1 y b y q b Sy , n G 0, .n n n n n
5 5e s y y 1 y a y y a St , n G 0. .n nq1 n n n n
 4Then the Ishikawa iteration procedure x is S-stable.n
w xProof. By Deimling 7 , we know that the equation Tx s f has a unique
solution in E for any given f g E. Let q denote the solution. Then q is
the unique fixed point of S. Observe that, for each x, y g E, there exists
 .  .some j x y y g J x y y such that
 : 5 5 2Sx y Sy , j x y y F 1 y k x y y , .  .
and hence S is a strong pseudcontraction. The rest of the proof now
follows as in the proof of Theorem 3.1, and is therefore omitted.
 4COROLLARY 3.2. Let E, S, and q be as in Theorem 3.2, let a be as inn
 4Corollary 3.1, and let x be the Mann iteration generated from an arbitraryn
x g E by0
x s 1 y a x q a Sx , n G 0. .nq1 n n n n
 4  4 qLet y be any sequence in E and define e ; R byn n
5 5e s y y 1 y a y y a Sy , n G 0. .n nq1 n n n n
 4Then the Mann iteration procedure x is S-stable.n
THEOREM 3.3. Let T : E ª E be an m-accreti¨ e operator with a bounded
 4  4range. Define S: E ª E by Sx s f y Tx. Let a , b be two real sequencesn n
 .in 0, 1 satisfying:
 .i 0 - a - a for all n G 0;n
 .ii b ª 0 as n ª `;n
 . `iii  a s `; andns0 n
 .  .iv b a ª 0 as n ª `, where b is the function appearing in Lem-n
ma 2.2.
 4For arbitrary x g X, the Ishikawa iteration procedure x is defined by0 n
x s 1 y a x q a Sz , .nq1 n n n nIS . 3  z s 1 y b x q b Sx , n G 0. .n n n n n
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 4  4 qLet y be any sequence in E and define e ; R byn n
t s 1 y b y q b Sy , n G 0, .n n n n n
5 5e s y y 1 y a y y a St , n G 0. .n nq1 n n n n
 4Then the Ishikawa iteration procedure x is S-stable.n
Proof. Since T is m-accretive, the equation x q Tx s f has a unique
solution q. Then q is the unique fixed point of S. Clearly, S is strongly
pseudocontractive and has a bounded range. Now the conclusion follows
from Theorem 3.1.
 4COROLLARY 3.3. Let E, S, and q be as in Theorem 3.3, let a be as inn
 4Corollary 3.1, and let x be the Mann iteration generated from an arbitraryn
x g E by0
x s 1 y a x q a Sx , n G 0. .nq1 n n n n
 4  4 qLet y be any sequence in E and define e ; R byn n
5 5e s y y 1 y a y y a Sy , n G 0. .n nq1 n n n n
 4Then the Mann iteration procedure x is S-stable.n
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